A binary [98280, 24, 47104] 2 projective two-weight code related to the sporadic simple group Co 1 of Conway is constructed as a faithful and absolutely irreducible submodule of the permutation module induced by the primitive action of Co 1 on the cosets of Co 2 . The dual code of this code is a uniformly packed [98280, 98256, 3] 2 code. The geometric significance of the codewords of the code can be traced to the vectors in the Leech lattice, thus revealing that the stabilizer of any non-zero weight codeword in the code is a maximal subgroup of Co 1 . Similarly, the stabilizer of the codewords of minimum weight in the dual code is a maximal subgroup of Co 1 . As by-product, a new strongly regular graph on 16777216 vertices and valency 98280 is constructed using the codewords of the code.
Introduction
Given a permutation group G on a finite set Ω and a field F it is often of considerable interest to know the structure of the permutation module FΩ (that is, the vector space over F with basis Ω considered as an FG module). The G-invariant submodules of FΩ can be regarded as linear codes in FΩ, and one may therefore ask for the weight distribution, and the partitioning of the codes into G-orbits (see [15] ). To a greater extent this paper fits into a programme outlined in [14] in that we determine codes, in particular binary codes invariant under a prescribed permutation group. However, when considering large groups, the chance of determining all codes invariant under the group decreases due to the large degree of their representation and the large dimension of the submodules of a permutation module associated to a given permutation representation. Thus, one might be satisfied with a few representations, or at least the degree of the smallest faithful (and hence irreducible) representation. Representation theory has proven to be an extremely powerful tool for the exact calculations of the minimal degrees of faithful representations of finite simple groups. In particular, see [10] for calculations related with the sporadic simple groups and their covering groups. The dimension of irreducible representations turns out to be the p-rank (i.e., dimension over F p ) of linear codes, (see [4] for an account of the minimality of the p-ranks of codes from combinatorial structures
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and [17, 18, 19] which examine binary codes of smallest possible dimensions invariant under some sporadic simple groups). In this paper, using a modular representation theoretic approach we construct from the primitive permutation representation of degree 98280 of the simple group Co 1 of Conway an irreducible faithful representation of dimension 24 as a binary code, thereby giving a nice construction of a small representation of this group. In the theorem given below, we summarize our results; the specific results relating to the codes are given as propositions and lemmas in the following sections. 
(e) the non-trivial codewords of C 24 define a strongly regular (16777216, 98280, 4600, 552) graph
The paper is organized as follows: in Section 2 we outline our background and notation and in Section 3 we give a brief but complete overview on the Co 1 group. In Section 4 we describe the construction method used and give our results on the 24-dimensional binary code invariant under Co 1 . In the ensuing sections, namely Sections 5, 6 and 7 we present our results concerning with the unique flag-transitive design on 98280 points and a strongly regular graph on 16777216 vertices invariant under the Conway group Co 1 .
Terminology
We assume that the reader is familiar with some basic notions and elementary facts from design and coding theory. Our notation for codes and groups will be standard, and it is as in [2] and ATLAS [7] . For the structure of groups and their maximal subgroups we follow the ATLAS [7] notation. The groups G.H, G:H, and G · H denote a general extension, a split extension and a nonsplit extension respectively. For a prime p, the symbol p m denotes an elementary abelian group of that order. For G a finite group acting on a finite set Ω, the set F p Ω, that is, the vector space over F p with basis Ω is called an F p G permutation module, if the action of G is extended linearly on Ω.
An incidence structure D = (P, B, I), with point set P, block set B and incidence I is a t-(v, k, λ) design, if |P| = v, every block B ∈ B is incident with precisely k points, and every t distinct points are together incident with precisely λ blocks. The complementary design of D is obtained by replacing all blocks of D by their complements. The design D is symmetric if it has the same number of points and blocks. An automorphism of a design D is a permutation on P which sends blocks to blocks. The set of all automorphisms of D forms its full automorphism group denoted by AutD.
The code C of the design D over the finite field F p is the space spanned by the incidence vectors of the blocks over F p . The weight enumerator of C is defined as c∈C x wt(c) . The hull
of a design D with code C over the field F is the code obtained by taking the intersection of C and its dual. A linear [n, k] code is called projective if no two columns of a generator matrix G are linearly dependent, i.e., if the columns of G are pairwise different points in a projective (k − 1)-dimensional space. A two-weight code is a code which has exactly two non-zero weights, say w 1 and w 2 . The dual of a two-weight code belongs to the important family of uniformly packed codes. A code C is self-orthogonal if C ⊆ C ⊥ and self-dual if equality is attained. The all-one vector will be denoted by 1, and is the constant vector of weight the length of the code, and whose coordinate entries consist entirely of 1's. A binary code C is doubly-even if all codewords of C have weight divisible by four. Two linear codes are isomorphic if they can be obtained from one another by permuting the coordinate positions. An automorphism of a code is any permutation of the coordinate positions that maps codewords to codewords and will be denoted Aut(C).
The Conway group Co 1
The Leech lattice is a certain 24-dimensional Z-submodule of the 24-dimensional Euclidean space R 24 discovered by John Leech. John Conway showed that the automorphism group of the Leech lattice is a quasisimple group. Its central factor group is the Conway group Co 1 . The Conway groups Co 2 and Co 3 are stabilizers of sublattices of the Leech lattice. We give a brief description of the construction of these groups, omitting detail. A more recent and comprehensive account is given in [23] , see also [6, 21, 22] . Let H = M 24 and (Ω, C) be the Steiner system S(24, 8, 5) for H. Let V be the permutation module over F 2 of H with basis Ω and V C the Golay code submodule. Let R 24 be the permutation module over the reals for H with basis Ω and let ( , ) be the symmetric bilinear form on R 24 for which Ω is an orthogonal basis. Then R 24 together with ( , ) is simply the 24-dimensional Euclidean space admitting the action of H, and for ω α ω ω and ω β ω ω in R 24 ,
The Leech lattice is the set Λ of vectors v = ω α ω ω ∈ R 24 such that:
The Leech lattice Λ is a Z-submodule of R 24 . Let Λ 0 denote the set of vectors v ∈ Λ such that m(v) ≡ 0 (mod 4). Then Λ 0 is a Z-submodule spanned by the set {2e B | B ⊂ C}. Further, Λ as a Z-submodule is generated by Λ 0 and λ ω 0 , for ω 0 ∈ Ω. Write O(R 24 ) for the subgroup of GL(R 24 ) preserving the bilinear form ( , ), or equivalently preserving the quadratic form q. Let G be the subgroup of O(R 24 ) acting on Λ. The group G is the automorphism group of the Leech lattice. For Y ⊂ Ω, write ǫ Y for the element of GL(R 24 ) such that
and define the shape of v to be ( . Moreover,
. Using this information it can be shown that G acts transitively on Λ 2 , Λ 3 , and Λ 4 . Also K is a maximal subgroup of G and |G| = 2 22 ·3 9 ·5 4 ·7 2 ·11·13·23. Notice that ǫ Ω is the scalar map on R 24 determined by −1, and hence is in the center of G. Denote by Co 1 the factor group G/ ǫ Ω . Denote by Co 2 the stabilizer of a vector in Λ 2 and denote by Co 3 the stabilizer of a vector in Λ 3 . The groups Co 1 , Co 2 and Co 3 are the Conway groups, with |Co 1 | = 2 21 ·3 9 ·5 4 ·7 2 ·11·13·23, |Co 2 | = 2 18 ·3 6 ·5 3 ·7·11·23 and |Co 3 | = 2 10 ·3 7 ·5 3 ·7·11·23.
In Table 1 we give the primitive representations of Co 1 of degree ≤ 8386560. The first column gives the ordering of the primitive representations as given by the ATLAS [7] and as used in our computations; the second gives the degrees (the number of cosets of the point stabilizer), the third the number of orbits, and the remaining columns give the size of the non-trivial orbits of the respective point stabilizers. The representations of a finite group G can be constructed from permutation representations, from two representations through their Kronecker product, from representations through invariant subspaces or other methods. Iterating the constructions described above together with reductions via invariant subspaces, one obtains all irreducible representations of G. To find a non-trivial proper G-invariant subspace of FΩ it suffices to find a vector w = 0 which lies in a proper Ginvariant subspace W. It is not difficult to see that for 0 = w ∈ W, the orbit {g · w | g ∈ G} spans a G-invariant subspace contained in W. However, once G-invariant subspaces are determined, there remains the task of proving the irreducibility of the representations. There are a number of methods to accomplish this amongst which the Norton's irreducibility criterion, the Meataxe (in the various flavours), spinning algorithms, to name but a few. This approach poses an obvious computational limitation which is apparent when the permutation module has a considerably higher dimension. This is naturally true for some of the larger simple groups of sporadic type, and in particular for the first group of Conway, where the smallest primitive permutation representation is of degree 98280. It is known that the Conway group Co 1 possesses a unique absolutely irreducible representation of 16, 23] ). However, it is not at all trivial to determine which primitive permutation representation of this group possesses this irreducible representation. For our construction we make use of the following results:
Remark 4.1 For x ∈ F q n and a permutation σ ∈ S n we set
Let C be a linear code over F q of length n and let G ≤ Aut(C). If the action of G on C is defined by Equation (1) then the code C becomes an F q G-module. Note that the ambient space F n q is also an F q G-module with respect to the same action of G. We formulate the fact that C is an F q G-module as the following statement.
Result 4.2 Let C be an [n, k, d] q code and let G ≤ Aut(C). Then C is a k-dimensional submodule of the ambient space F n q , considered as an F q G-module. It follows from the description provided in Section 3 that as an abelian group under addition, the Leech lattice Λ is isomorphic to Z 24 , so that Λ/2Λ ∼ = F 2 24 is a vector space of dimension 24 of 2 · Co 1 over F 2 in which a central involution acts trivially. Hence, we obtain a 24-dimensional representation of Co 1 over F 2 . We denote this 24-dimensional representation C 24 . By using Result 4.2, in Proposition 4.3 below we construct this reduction modulo 2 representation as an irreducible binary doubly-even and projective two-weight code of the permutation module of dimension 98280 over F 2 . . Moreover, since the smallest faithful representation of 3 · Suz:2 in characteristic 2 has degree 24 the minimality and hence irreducibility of C 24 is established. This in turn establishes the 2-rank (dimension over F 2 ) of C 24 . Since the 2-rank of C 24 equals the dimension of the hull (i.e., 2-rank of C 24 equals 2-rank of C 24 ∩ C 24 ⊥ ) we deduce that C 24 ⊆ C 24 ⊥ and so C 24 is self-orthogonal. By [22, Theorem A1], we have that there are just three orbits of Co 1 on non-zero vectors, ie, 1-dimensional spaces in Λ/2Λ, namely a single orbit on the 8386560 vectors of norm 1, obtained from the vectors of norm 6 in Λ, and two orbits of lengths 98280 and 8292375 on the isotropic vectors in Λ/2Λ obtianed from vectors of norm 4 and 8 in Λ respectively. These vectors are termed vectors of type 3, 2, and 4 respectively (see Section 3) . From this we deduce that there are only two possible weights for the non-zero codewords of C 24 . The weight distribution of C 24 is given below in TABLE 2. Observe that there are exactly 98280 vectors of weight 47104, ie, minimum weight words, and these are the generating vectors of the code. Since the spanning words have weight 47104, C 24 is doubly-even. (ii) Since C 24 ⊆ C 24 ⊥ then if w ∈ C 24 it follows that w ∈ C 24 ⊥ and so (w, w) = 0. Write
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⊥ . Using MacWilliams identities and Pless' power moment identities we obtain the minimum weight 3 for C 24 ⊥ . 1 Now, since C 24 has only two non-zero weights, it is a two-weight code. Recall that a code is called projective if its dual distance is at least 3. Moreover, a code with minimum distance d = 3 and covering radius 2 is called uniformly packed if every vector which is not a codeword is at distance 1 or 2 from a constant number of codewords [24, Theorem 7.37]. It then follows that C 24 ⊥ is uniformly packed and thus optimal. The reader should recall that uniformly packed codes are optimal with respect to the Johnson bound.
(iii) The irreducibility of C 24 is given in the proof of (i) and the uniqueness of this submodule follows from [16, Proposition B, p.142]. (iv) Finally, since Co 1 ⊆ Aut(C 24 ) and Co 1 is a primitive group of degree 98280, it follows that Aut(C 24 ) is a primitive group of degree 98280. Since there are exactly 98280 codewords of minimum weight 47104,we use this fact to determine the automorphism group of the code as a set of permutations that preserve the set of minimum weight codewords. Moreover, since the outer automorphism of Co 1 is the trivial group we deduce Aut(C 24 ) ≤ Co 1 and thus have the result. Remark 4.4 An alternative proof that the Conway group G = Co 1 is the true automorphism group of the code follows by observing that we have a transitive action of G on both the code coordinates and the minimum weight codewords. Hence, when computing the potential additional automorphisms, we would find them in the stabilizer of a codeword (point). Now, fix a minimum weight codeword c 0 of weight 47104. Let S 1 be the support of c 0 , and S 0 be its complement of size 51176. Suppose that there exists an additional automorphism γ stabilizing c 0 . Then we must have γ ∈ Sym(S 0 ) × Sym(S 1 ). Observe from TABLE 2 that the supports of any two minimum weight words intersect in 23552 or 22528 coordinates. However, there is no codeword c 1 with support that is strictly contained in S 0 , the complement of the support of c 0 . Hence, there is no additional automorphism.
A flag-transitive and point and block-primitive design
Using a result of Key and Moori [11, Proposition 1] and corrected in [13] , (see also [12] ) we take the supports of the codewords of minimum weight in C 24 and orbit these under the action of Co 1 to form the blocks of a self-dual symmetric 1-(98280, 47104, 47104) design denoted D 24 on which Co 1 acts primitively on points and on blocks. For the sake of completeness we state that result below.
Result 5.1 Let G be a finite primitive permutation group acting on the set Ω of size n. Let α ∈ Ω, and let ∆ = {α} be an orbit of the stabilizer G α of α. If B = {∆ g | g ∈ G} and, given δ ∈ ∆, 1 We thank Markus Grassl for computing the true minimum weight for C24
⊥ . The full weight distribution can be obtained from the author. Proof: By Result 5.1 it suffices to take the set of minimum words and orbit the images under the action of Co 1 to form the blocks of a self-dual symmetric 1-(98280, 47104, 47104) design. We denote this design by D 24 . The stabilizer of a point in the permutation representation of Co 1 of degree 98280 is Co 2 (see Table 1 ). From the ATLAS [7, p.154] we have that Co 2 has a unique class of maximal subgroups of index 47104, namely M c L. Given a subgroup H in that class, its normalizer is twice larger in Co 1 , meaning that there are exactly two subgroups Co 2 that contain H. Suppose such a group exists satisfying H < Co 2 < Co 1 . Then N Co 1 (H) contains all the elements of Co 1 that fix H by conjugation. Take x ∈ N Co 1 (H). Then Co 2 x is either Co 2 or a subgroup conjugate to it. To construct all subgroups conjugate to Co 2 in Co 1 that contain H take a transversal of H in N Co 1 (H). This transversal has two elements, one of which is in Co 2 and the other is not, showing that there is exactly one other subgroup conjugate to Co 2 that contains H. So there is a unique symmetric 1-(98280, 47104, 47104) design for Co 1 . The definition of Ω and B respectively are inferred from Result 5.1, and from this it is clear that G ⊆ Aut(D 24 ). Once more, Result 5.1 and the ATLAS show that G acts primitively on both Ω and B of degree |Ω| = |B| = 98280, and the stabilizer of a point ω ∈ Ω has exactly four orbits in Ω. Hence G ω fixes setwise each of Ω 0 , Ω 1 , Ω 3 and Ω \ (Ω 0 ∪ Ω 1 ∪ Ω 3 ) = Ω 2 and these are all possible G ω -orbits. This shows that D 24 is a point primitive, symmetric 1-design. It remains to show that G = Aut(D 24 ). Now G ⊆ Aut(D 24 ) ⊆ S 98280 , so Aut(D 24 ) is a primitive permutation group on Ω of degree 98280. Moreover, Aut(D 24 ) ω must fix Ω 1 setwise, and hence Aut(D 24 ) ω also has orbits of lengths 1, 4600, 46575, and 47104 in Ω. Accordingly [20] shows that the only primitive group of degree 98280, such that Aut(D 24 ) ω has orbit lengths 1, 4600, 46575, and 47104 is Co 1 .
6 Stabilizer in Co 1 of a word w i of weight i
Recall that by [22, Theorem A1] , there are just three orbits of Co 1 on 1-dimensional spaces in Λ/2Λ. Moreover, these orbits have lengths 98280, 8292375 and 8386560. In Proposition 6.1, we use these facts to show how the orbits split under the action of Co 1 on the nonzero codewords of C 24 (see TABLE 3 ) and to determine the structure of (Co 1 ) w i where i is in W with W = {47104, 49152}. For i ∈ W we define W i = {w i ∈ C 24 | wt(w i ) = i}. We show in Proposition 6.1 that (Co 1 ) w i is a maximal subgroup of Co 1 , for all i. 
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By the transitivity of Co 1 on the code coordinates, the codewords of W i form a 1-design D w i with A i blocks. This implies that Co 1 is transitive on the blocks of D w i for each w i and since (Co 1 ) w i is a maximal subgroup of Co 1 , we deduce that Co 1 acts primitively on D w i for each i. In TABLE 4 the first column represents the codewords of weight i and the second column gives the structure of the designs D w i defined above. In the third column we list the number of blocks of D w i . We test the primitivity for the action of Co 1 on D w i in the final column. (1). The minimum words of C 24 are the incidence vectors of the blocks of the design D 24 . They are also the minimal (type 2) vectors in the Leech lattice, see [7, p. 183] 
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DRAFT --DRAFT --DRAFT --DRAFT --DRAFT -- (3) . The codewords of minimum weight 3 in C 24 ⊥ are the 222-S-lattices of the Leech lattice, and they are stabilized by a group isomorphic to U 6 (2):S 3 . This follows readily from [22, Theorem A2] or [7, p. 183 ].
7 A strongly regular graph on 16777216 vertices related to Co 1 Since C 24 is a two-weight code a connection can be established with strongly regular graphs. For this, let w 1 and w 2 (where w 1 < w 2 ) be the weights of a q-ary two-weight code C of length n and dimension k. To C we may associate a graph Γ(C) on q k vertices as follows. The vertices of the graph are identified with the codewords and two vertices corresponding to the codewords x and y are adjacent if and only if d(x, y) = w 1 . From the above we obtain a new strongly regular graph Γ(C 24 ) associated to C 24 whose properties are given in Remark 7.2 The first part of the Lemma follows using [5, Corollary 3.7] . It would be of interest to determine the 2-rank of Γ(C 24 ) and AutΓ(C 24 ). For the 2-rank of Γ(C 24 ) and thus the dimension of the binary code C 2 (Γ(C 24 )) of Γ(C 24 ), an upper bound can be deduced readily by using the spectrum of the graph. Observe from above that the eigenvalues of an adjacency matrix A of Γ(C 24 ) are θ 0 = 98280, θ 1 = 4072, and θ 2 = −24 with corresponding multiplicities f 0 = 1, f 1 = 98280 and f 2 = 16678935. Now, using results of [4, Section 3] we obtain an upper bound on the 2-rank of Γ(C 24 ), namely that rank 2 (Γ(C 24 )) ≤ min(f 1 + 1, f 2 + 1) = 98281, since 2 | θ 1 − θ 2 . 
